In this paper, the moduli space of singular unitary monopoles on a the product of a circle and a Riemann surface is shown to correspond to a moduli space of stable pairs on the Riemann surface. These pairs consist of a holomorphic vector bundle on the surface and a meromorphic automorphism of the bundle. The singularities of this automorphism correspond to the singularities of the singular monopole. We then consider the complex geometry of the moduli space; in particular, we compute dimensions, both from the complex geometric and the gauge theoretic point of view.
1

Introduction
In a recent paper, Kapustin and Witten [18] expound the idea that the moduli of singular monopoles on the product of a Riemann surface Σ with an interval should mediate the Hecke transforms which play a part in the geometric Langlands correspondence. A particular case is when the product of the transforms gives back the original bundle, and in understanding this relationship, it is then natural to ask what one gets as a monopole moduli space when one closes the interval to a circle. Another motivation to study monopole moduli spaces on such a product is obtained by specialising to when the surface is a torus. One of the main tools for understanding monopoles, and more generally antiself-duality, has been the Nahm transform heuristic. It tells us that singular monopoles on T 3 = S 1 × T 2 should correspond to instantons on some "dual" R × T 3 . (While aspects of this correspondence have been elucidated in [5] , the correspondence is still not completely proven.) Thus, even when studying smooth solutions to the anti-self-duality equations, one is led to consider configurations with singularities. The monopoles under consideration in this paper are solutions to the Bogomolny equation
linking the curvature F A of a connection A on a bundle E over a Riemannian three-manifold Y and an endomorphism φ of E called a Higgs field. When X is compact, global smooth solutions are quite trivial: the connection A must be flat and φ must be parallel. Over open manifolds, monopoles and their moduli have been extensively studied over the past twenty-five years, beginning with the case of R 3 . For R 3 , Hitchin in [11] constructed all monopoles for SU(2) using the twistor methods of Penrose, Ward and Atiyah. Using this construction, and its natural extension to other gauge groups, the moduli spaces were described in [10; 15; 16] . On hyperbolic space, a similar description was given by Atiyah in [1] (see also [17] ). The R 3 -spaces have natural metrics [2] ; for a unified discussion of Euclidean and hyperbolic cases, see [21] . Monopoles on R 2 × S 1 have been studied in [6] from the perspective of the Nahm transform.
The first study of singular monopoles (with Dirac-type singularities) is due to Kronheimer in [19] for Euclidean spaces. Pauly computed in [26] the virtual dimension of the moduli space of singular SU(2)-monopoles and in [27] started the study of singular monopoles on the round three-sphere. More recently, Nash considered in [22] the twistor theory of singular hyperbolic SU(2)-monopoles. Norbury proved in [24] the existence and uniqueness of singular monopoles satisfying prescribed boundary conditions on an interval times a surface. The properties of certain moduli spaces of singular monopoles on R 3 and R 2 × S 1 allowed Cherkis-Kapustin in [8; 9] and Cherkis-Hitchin in [7] to produce families of asymptotically locally flat gravitation instantons. We shall restrict our attention in this paper to the gauge group U(n). Our solutions have singularities, and we must fix the nature of the singularity. Fortunately, in our case, there is a fairly natural choice: we ask that near the singularity, the monopole, in essence, should decompose into a sum of Dirac monopoles. These boundary conditions were studied by Pauly [26] , who shows, by exploiting the geometry of the Hopf fibration, that there are natural local lifts from R 3 to R 4 that tame the singularity.
The solutions to the Bogomolny equation we consider thus have Dirac-type singularities at fixed points p i = (t i , z i ) ∈ S 1 × Σ, where the z i are distinct. Precise definitions of the allowed singularities will be given below; for the moment, let R i be the geodesic distance, in S 1 × Σ, to p i . Near the singularity p i , the monopoles will have Higgs field φ asymptotic to diag(k i1 , . . . , k in ) √ −1/2R i , where k i = (k i1 , . . . , k in ) is a sequence of integers, ordered so that k i1 ≥ · · · ≥ k in . We collect these sequences together as a sequence
We also collect the singular times and the length T of the circle in a vector t = (t 1 , . . . , t N , T ).
Denote by E t the restriction to {t} × Σ of the bundle E on which the monopole is defined. Let the degree of E 0 be k 0 . As one moves through the point p i , the degree of E t changes by tr( k i ) := j k ij ; in particular, it must be that i tr( k i ) = 0. As with other examples of moduli of solutions to the anti-self-duality equations and their reductions, we exploit the fact that the equations decompose into two components. The first component simply states that we are dealing with a holomorphic object; the second is variational in nature, and possesses a unique solution once one has a solution to the first component, as long as the holomorphic object is stable in a suitable sense. In our case, we obtain the following theorem.
Σ with E 0 of degree k 0 and singularities at p j of type k j is isomorphic to the space M(Σ, k 0 , K, t) of t-stable holomorphic pairs (E, ρ) with
• E a holomorphic rank n bundle of degree k 0 on Σ,
• ρ a meromorphic section of Aut(E) that, in a coordinate z centred at z i , is near z i of the form
, with F i , G i holomorphic and invertible, and such that (det(ρ)) has divsior
The required notions, in particular of stability, are defined below. Sections two through four of this paper are concerned with the proof of this theorem. The fifth section considers some examples. In the sixth section, we note that we can use these ideas to consider monopoles on the product of an interval and a Riemann surface. While these two motivating cases concern a three-manifold that is the trivial bundle over a Riemann surface, the techniques used in this paper should also extend to provide a result for the more general case of a three-manifold which is a flat bundle over a Riemann surface. A final section discusses this general case.
Definitions
Monopoles and HE-monopoles
Let Σ be a Riemann surface, equipped with a Hermitian metric; let z denote a coordinate on Σ. Let S 1 be the circle, equipped with metric such that its circumference is T . Let t ∈ [0, T ] be a coordinate on S 1 , such that the S 1 -metric is given by dt 2 . We consider the three-fold S 1 × Σ equipped with the product metric, and as above, denote the submanifolds {t} × Σ by Σ t . Let p 1 , . . . , p N be a collection of points on S 1 × Σ; set p i = (t i , z i ). We suppose that the z i are distinct, and that the t i are also, with t 1 < · · · < t N . We suppose the origin chosen so that t i = 0. As above, we fix integers k ij , i = 1, . . . , N, j = 1, . . . , n with ij k ij = 0. Now let E be a Hermitian vector bundle of rank n on (S 1 × Σ) \ {p 1 , . . . , p N }, with degree k 0 on Σ 0 , and degree tr( k i ) = j k ij on small spheres surrounding the p i . Let E be equipped with a connection ∇ of curvature F , and a section φ of End(E) called the Higgs field. We say that (E, ∇, φ) satisfies the Bogomolny equation if
Let us recall how this equation is a reduction of the anti-self-duality equation in four dimensions. Extend the circle to a cylinder S = R × S 1 with extra coordinate s, so that w = s + it is a holomorphic coordinate on S. The product metric on S 1 × Σ extends to a product Kähler metric g on S × Σ with Kähler form Ω. Let π : S × Σ → S 1 × Σ be the projection, and let∇ = ( The first two equations simply state that one has a holomorphic object, with a compatible Hermitian structure; the third, ΛF∇ = 0, is, as we shall see, variational in nature. On a compact complex surface, these equations impose constraints on the first Chern class of the bundle, which we will not always want to satisfy. There are more general equations, the Hermitian-Einstein equations, that free us from this constraint. They are
for an imaginary constant multiple iC of the identity endomorphism. These equations can have non-trivial solutions on bundles of arbitrary degree. We call the reduced analogue of these equations the Hermitian-Einstein-Bogomolny equations (or HEBogomolny for short). It is
If ∇ 0,1 is the 0, 1 component of the covariant derivative along Σ, and F Σ · ω is the component of the curvature along Σ, and ω the Kähler form on Σ, these equations are
Let (E, ∇, φ) be an HE-monopole; restricting the connection to the surfaces Σ t defines a∂-operator ∇ 0,1 Σ on the surface, and so gives E t the structure of a holomorphic bundle. Now let t < t ′ . The fact that [∇ 0,1 Σ , ∇ t − iφ] = 0 means that if we define a parallel transport of sections s from E t to E t ′ by solving (∇ t − iφ)s = 0, this transport defines a holomorphic isomorphism R t,t ′ from (E t )| U to (E t ′ )| U , for U open, as long as the set [t, t ′ ]×U does not contain one of the singular points p i . In particular, for t i < t < t ′ < t i+1 , the holomorphic bundles on Σ t , Σ t ′ are globally isomorphic. We want also to pass through singularities. To understand what the parallel transport does in that case, we first examine the Dirac monopole in detail.
The Dirac monopole
On R 3 , consider the choice of spherical coordinates (t, x, y) = (R cos θ, R cos ψ sin θ, R sin ψ sin θ). The volume form is
Consider the U(1)-bundle L k over R 3 − {(0, 0, 0)} defined by the transition function g π0 = e ikψ on the complement of the t-axis, from θ = π to θ = 0. Consider the connection A on L k defined by
We have
so (A, φ) satisfy the Bogomolny equation. Notice that, restricted to the sphere, we have
This special solution to the Bogomolny equation we call the model Dirac monopole of charge k. We now work out the∂ operator and the change of gauge from a unitary to a holomorphic gauge. Note that cos(θ) = t/R, and dψ = xdy−ydx r 2
. Set z = x + iy. On t < 0 (so in the open θ = 0),
and so
Consider the radial (in r) form
with the same (0, 1) part. We can change the gauge (a → a − (dg)g −1 ) to eliminate the (0, 1) part by applying a change of gauge g 0 that solves, in cylindrical coordinates t, z, ψ, the equation
A solution to this differential equation is
In this gauge, the connection is
A 0,1 = 0, and
In this holomorphic gauge, the metric is given by
Similarly, when t > 0, via the gauge transformation
we put ourselves in a gauge where
The metric is given by
The two new trivialisations are related by
As we are in gauges for which ∇ t − iφ = ∂ t , this change of trivialization is the "scattering map," obtained by integrating (∇ t − iφ)s = 0, with initial condition s(−1) = 1 and evaluating s (1) . So for the model Dirac monopole of charge k, the scattering map from t = −1 to t = 1 is z k in a neighborhood of the singularity.
Asymptotics in the general case
Now consider the asymptotics for a general U(n) monopole on S 1 × Σ, near a singularity of "Dirac type,"
with weight k = (k 1 , . . . , k n ). Again, the coordinates are t on S 1 and z = x + iy on Σ. Suppose the singularity is located at z = 0, t = 0 and set R = (t 2 + zz) 1/2 . If x, y are geodesic coordinates centered at z = 0, then R is the geodesic distance to the singularity. We suppose that in a neighbourhood of the singularity at R = 0, we work on the pullback from the two-sphere of a bundle of degree tr( k) = n i=1 k i , and that we have in a suitable gauge
We compare this monopole with a sum of n Dirac monopoles
On t < 0, z = 0, let s − represent a holomorphic (in z) basis of solutions to (∇ t − iφ)s − = 0, and let s 0,− represent a basis of holomorphic solutions to
We impose the initial conditions g = I at t = 0, z = 0. One has
We can see from the asymptotics that one can choose gauges such that the matrix A t is bounded near the origin, and the off-diagonal terms of φ are also bounded. This, and the initial condition, tells us that the derivative ∂ t (s −1 0,− s − ) is bounded near the origin, and so is s −1 0,− s − ; as this is holomorphic, it extends smoothly to z = 0. In a similar way, so does its inverse, and so the limit is invertible at z = 0. In a similar vein, over t > 0, z = 0, let s + represent a basis of solutions to (∇ t − iφ)s + = 0, holomorphic in the z direction. Choose initial conditions s + = s − at t = 0. Let s 0,+ represent a basis of solutions to ((∇ 0 ) t − iφ 0 )s 0,+ = 0, holomorphic in the z direction, with initial condition s +,0 = s −,0 at t = 0. Let h = s −1 0,− s − . One then has, as above, that h(z, t) is defined and invertible at z = 0, t > 0. One then has
This tells us that the scattering map s + (z, 1)s − (z, −1) for our monopole is obtained from the scattering map for a Dirac monopole by pre-and post-multiplying it by invertible holomorphic matrices. Substituting the scattering map for the Dirac monopole,
3 Stable pairs
From monopoles to a bundle pair
Let (E, ∇, φ) be, as above, an HE-monopole; as we have noted, restricting the connection to the surfaces Σ t defines a∂-operator ∇ 0,1 Σ on the surface, and so gives E t the structure of a holomorphic bundle, denoted E t . Simultaneously solving (∇ t − iφ)s = 0 and ∇ 0,1
′ ] × U does not contain any of the singular points p i . In particular, for t i < t < t ′ < t i+1 , the bundles are globally isomorphic. More generally,
The monopole restricted to the slice Σ t defines a holomorphic Gl(n, C) bundle E t , away from the p i .
• If there are no singular time t i between t and t ′ , integrating
• If only one t i lies between t and t ′ , then c 1 (
, and there is a meromorphic map R t,t ′ : E t → E t ′ which is an isomorphism away from z i , and there exist near z i trivialisations of
• More generally, by composition, there are meromorphic maps R t,t ′ : E t → E t ′ for all t, t ′ , which are isomorphisms away from the points z 1 , . . . , z N .
In particular, integrating around the circle:
The monodromy is a meromorphic endomorphism of E t . It has singularities near z i of the form
, where F (z), G(z) are holomorphic and invertible.
is the data of a holomorphic bundle E on Σ and a meromorphic endomorphism ρ : E → E such that ρ is an isomorphism away from z 1 , . . . , z N .
Thus (E t , ρ t ) is a bundle pair. For a bundle pair (E, ρ), let the points of Σ over which ρ is not a regular isomorphism be located at z 1 , . . . , z N . If the rank of E is n, Iwahori's theorem tells us that near the singular points z i , choosing a trivialisation, one can find invertible holomorphic matrices F (z), G(z) and integers such that the map ρ in our trivialisation factors as
with the set {ℓ 1 , . . . , ℓ n } as invariants.
Restrictions coming from the U(1) case
is a U(n) singular monopole on Y with a singularity of weight k j at p j , then (tr(A), tr(φ)) is a U(1) singular monopole on Y with a singularity of weight tr( k j ) at p j . We shall see that there are constraints on U(1)-monopoles, in particular on the weights at the singularities and the location of the singular points; these restrictions then propagate to arbitrary monopoles. We consider a U (1) monopole, that is, a couple (A, φ) where 1) φ is a harmonic function (d * dφ = 0), of the form ik j /2r + O(1) near the points p j , and otherwise regular, 2) A is a U(1)-connection satisfying dA = * dφ, considered modulo gauge transformations. Note that once the location of the singular points and the charges k j are fixed, the function φ is unique up to a constant. Let r be small, and let S 2 j (r) denote the sphere of radius r around p j , and let Y r denote the subset of points in Y that are at least distance r from the singular set. Thus ∂Y r = j S 2 j (r). We have
By extension, all singular U(n) monopoles on Y must satisfy
Furthermore, because we want * dφ = F A , the integral of i 2π * dφ on any compact two cycle must be an integer, indeed the first Chern class of the restriction of the bundle to that two-cycle. This condition imposes constraints on the location of the singular points. Let p i = (t i , z i ). Suppose none of the t i are 0, and let
Moving t past the singular points t 1 , . . . , t j in turn, the integral
On the other hand, one has 0 = S 1 ∂ t φ in the circle orthogonal to the surface, away from the singular points. Let us suppose that the length of the circle is T = t n+1 and set t 0 = 0. Integrating over S 1 × Σ (removing small cylinders around the singular points and taking a limit), we find that
Thus, for any singular U(n)-monopole, we must have
Once one has φ, one has the connection A up to gauge, and up to 2g + 1 real parameters: one solves dA = * dφ, and the free parameters correspond to the integrals of A around cycles. In short, there is a 2g + 2 real parameter space of pairs (A, φ) once one has fixed the singularities, with any two members of the family differing by constants (mod a gauge transformation.) From a complex geometry point of view, we have first a line bundle, given by the restriction of the connection to Σ 0 , and so an element of the Jacobian; we have then the monodromy ρ, which is independent of the line bundle and which once the divisor is fixed is determined up to a non-zero complex constant. In short, one sees that from this point of view the moduli space is a C * -bundle over the Jacobian. We note also that Abel's theorem requires that the image under the Abel map of the sum k i z i lie in the period lattice so that we see the constraints on the location of the singularities from this point of view also. When considering HE-monopoles, the condition given by Equation (19) remains, and the one given by Equation (21) 
The geometric interpretation for the constant C is thus
The stability conditions
We now define an appropriate notion of stability for our holomorphic objects. Set
The notion of t-degree, and hence stability, is invariant under shifting the origin in the circle, as j tr( k j ) = 0; it is also invariant as one moves through the singularities, as going through the point p j changes c 1 (E) by tr( k j ), but also shifts t j by −T .
In the following section, we show that stable bundle pairs are in bijective correspondence with HEmonopoles. For now, let us show by induction on the rank that a HE-monopole yields a stable pair. Note that in the case of rank one stability is automatic.
Proposition 3.7 A bundle pair (E, ρ) corresponding to an HE-monopole (E, ∇, φ) with constant C is t-semistable, and stable unless it admits a sub-HE-monopole.
Proof: Let us now take the bundle pair (E, ρ) corresponding to an HE-monopole (E, ∇, φ) with constant C, and a ρ-invariant subbundle V of rank m, which we can assume to be semi-stable and so by induction, assuming the results of the next section, corresponding to an HE-monopole (V, ∇, φ) with constant D, and singularities of weight l j at the point p j . We do not assume that V is a submonopole of E. The bundle V * ⊗ E now also corresponds to an HE-monopole with constant C − D, and has a global ρ invariant section s. Let ∇ Σ denote the restriction of the connection to the Riemann surface, and ∆ Σ the associated Laplacian. Using the identities ∇
we find that for the section s on Σ,
Hence C ≤ D, with equality only if the section s is covariant constant and commutes with the Higgs fields for E,V , that is if V is a monopole summand. Using the geometric interpretation of the HE constants given by Equation (23), we obtain
The proof is now complete. ♦
Equivalence between stable pairs and monopoles
In this section, we prove Theorem 1.1 given in the Introduction. A refined version of it is the following. 
described in Section 3.1 is a bijection.
The proof of surjectivity and injectivity are tackled separately by Propositions 4.2 and 4.5 below.
Proposition 4.2 Given a t-stable pair (E, ρ) on Σ of type K = N j=1 k j z j and the singular time data 0 < t 1 < · · · < t N < T . There a singular HE-monopole on S 1 × Σ of weight k j at p j = (t j , z j ) for which H(E, ∇, φ) = (E, ρ).
Proof: To achieve this result, we use ρ to extend E to a bundle E on Y = S 1 × Σ \ {p 1 , . . . , p N }, and lift it to a holomorphic bundleĒ on X = S 1 × Y . We put onĒ a metric corresponding at least round the singularities to the sum of Dirac monopoles of weights k 1 , . . . , k N . We then flow that initial metric using the heat flow results of Simpson's paper [29] to produce a Hermitian-Einstein connection onĒ, invariant under the action of S 1 on the first factor of X. Reducing dimension, we obtain the wanted HE-monopole. Let's proceed. The first step is to extend E to a bundle on Y . We have supposed, without loss of generality, that none of the t j is zero. Consider the projection map π fromỸ = (−T, T ) × Σ \ j (−T, t j − T ) ∪ (t j , T ) × {z j } to Σ. We extend E to Y by identifying (t, z, v), t ∈ (−T, 0), z ∈ Σ, v ∈ E| z to (t + T, z, ρ(z)v). This new bundle E then lifts naturally to a holomorphic bundleĒ on X. Since it is holomorphic, it has the (0, 1)-part of a connection on it. Following the well established procedure for defining a hermitian connection, the (1, 0) part A 1,0 of the connection follows once one has specified a hermitian metric K: one has (A 1,0 ) t = (∂K)K −1 in a holomorphic trivialisation.
We can choose in Σ a small disk D 0 , and disks D j surrounding the z j , such that all these disks are mutually disjoint. We now choose over E = E 0 a metric k 0 : trivialise E over the complement of D 0 , and choose k 0 = 1 on this complement, then extend to a metric over D 0 . The curvature of the induced connection is then be concentrated on D 0 . Lift the bundle E 0 , and the metric k 0 , toỸ . Now let us increase t. We can keep the same metric on E t as we have on E 0 , until we reach the lowest t j , say t 1 , after which the degree of E t might change. We then modify the metric further in a neighbourhood of the circle S 1 × {p 1 }, inserting the metric whose hermitian connection correspond to the sum of Dirac monopoles with the correct degrees k 1 centred at p 1 . Shifting our coordinates z and t so that they are centred at the singular point p 1 , by Iwahori's theorem we can factor the map ρ(z) in suitable holomorphic trivialisations factors into
where the C 1− (z), C 1+ (z) are holomorphic in z.
Recall now the metric in the holomorphic trivialisations for the Dirac monopole of of charge k is given by (R − t) k in the standard trivialisation for (R − t) > 0 (that is, away from the half axis emerging in the positive t-direction form the origin) and (R + t)
−k for the trivialisation on (R + t) > 0 (Equations (10) and (13)). For our bundle, then on the disk D 1 we would ask for a metric in our trivialisations of the form
on the positive side of our poles and on the negative side side
In effect, we are placing at each singularity a (holomorphic) sum of Dirac connections, in both the positive and negative directions and then gauging these by C 1+ (z), C 1− (z) respectively at each end of the interval. One then patches this metric in to our background metric on the bundle overỸ by a partition of unity argument. Let τ 1 be a function on the t-axis with value 1 on t ≥ t 1 − ǫ/2, and 0 on t ≤ t 1 − ǫ; let σ 1 be a bump function on Σ supported on D 1 , with value 1 near z 1 . Set
. We then proceed on to the next singularity at t 2 and repeat this procedure, and so on at t 3 , . . . , t N . The metric that one obtains is a metric
. In the identifications made above, note that a metric k − at (t, z) corresponds to the metric k + = ρ * h + ρ at (t − T, z); hence our metric, given as f − i near (t i , z i ), appears in the form of f + i near (t i − T, z i ). In particular, while f − i is singular on the positive half axis emerging form (t i , z i ), f + i is smooth on the corresponding positive half axis emerging (t i − T, z i ). Choosing a small interval near 0 and a smooth function µ(t) that takes the value 0 at the bottom end of the interval and the value 1 at the top end of the interval, the metric K = µk + + (1 − µ)k − is well defined onĒ. The metric K we have obtained is invariant under the action of S 1 on X. We note that apart from edge effects due to partitions of unity, the curvature of the connection is concentrated on (
; also, apart from these edge effects, the curvature on each component is lifted from D i . We take K as the starting point for Simpson's heat flow
ProvidedĒ is stable for the degree
and under certain assumptions on X (to be described later), Simpson 
Indeed, if one examines the curvature on E on intervals t ∈ (t i , t i+1 − ǫ), one has immediately that the form iT r(ΛF K ) represents explicitly the first Chern class of the bundle over E t (which is constant over the interval), and so integrates to (t i − t i+1 − ǫ)c 1 (E t ). As on the rest (t i+1 − ǫ, t i+1 ) of the interval, iT r(ΛF K ) differs from the form on the rest of the interval by a closed form, it integrates to ǫc 1 (E t ). Summing, the integral is T c 1 (
We also need X to be a Kähler manifold of finite volume (and of course it is) and to satisfy two other conditions. The first condition is the existence of a non-negative exhaustion function on X whose Laplacian is bounded. To construct it, we first build a function f on Y whose Laplacian is bounded. The wanted exhaustion function is the pull back of f to X via the projection on Y . If the Laplacian of f on Y is bounded, then the Laplacian of the corresponding pull-backed f on X is also bounded. Let R j be the geodesic distance in S 1 × Σ to the singularity p j . In the Euclidean case, there is an obvious candidate for f : let f be 1/R j close to p j and extend it smoothly to the rest of Y . Since 1/R is harmonic in R 3 , the Laplacian of f on Y is obviously bounded. For other Riemann surfaces, ∆(1/R) has a term behaving like 1/R so we have to be careful and find a bounded function whose Laplacian will kill that extra 1/R factor. In [ that lifts the Hopf fibration S 3 → S 2 . One can lift a Dirac monopole of charge k under this map in such a way that the resulting S 1 -equivariant connection upstairs is regular and anti-self-dual; the lift is such that the action of S 1 over the origin has weight k. More generally, monopoles with Dirac type singularities of charge k lift to regular invariant anti-self-dual connections with k as the vector of weights at the origin. Pauly shows this result to be true also for arbitrary nice enough metrics on the four-and three-balls; in general the connection is then in L 2 3,loc . We have set up the initial condition of the flow so that we start with a sum of Dirac monopoles very close to each singularity. Of course, the flow perturbs that instantly and we have to verify that the limiting HE-monopole has the same asymptotics. Let us focus our attention to a neighborhood of one singularity. At the beginning of the flow, we have a monopole on B 3 \ {0} and we can lift it to B 4 \ {0}. There is a gauge upstairs that extends over 0 and in this gauge the action of S 1 on the fiber over 0 has weight k i . Consider now the family of metric H t lifted to B 4 \ {0} and seen in that gauge. The limiting metric H ∞ and the initial metric H 0 are mutually bounded, thus h = H Thus by bootstrapping it is smooth over the ball. The corresponding connections therefore extends to the full four-ball B 4 hence the monopole downstairs must be asymptotic to the sum of Dirac monopoles with weight k. We now have a HE-monopole corresponding to our initial data; we now must check that it is unique. Proposition 4.5 Given two monopoles (E, ∇, φ) and (E ′ , ∇ ′ , φ ′ ) yielding isomorphic holomorphic data. Then the two monopoles are isomorphic. Hence the map H given by Equation (27) is injective.
Since the holomorphic data are isomorphic, the associated holomorphic bundles E, E ′ are isomorphic by a holomorphic map τ , in a way that intertwines ρ and ρ ′ . The same holds more generally for E t , E ′ t . The map τ thus also aligns the corresponding eigenspaces of ρ, ρ ′ . One then has an isomorphismτ from E to E ′ over S 1 × Σ.
One can combine the two monopoles and get a monopole (
Considerτ as a section of E * ⊗ E ′ . We already know thatτ is in the kernel of∇ 0,1 Σ and∇ t − iφ. Using the identities (25), we find that
Henceτ is covariant constant. As a map E → E ′ , it intertwines the two Higgs fields. Hence the two monopoles are isomorphic. ♦
Moduli
Monopoles on a three-torus
It turns out that the moduli space of stable pairs has already been extensively studied for curves Σ of genus one in the context of integrable systems; see in particular [14; 13] . 
Proposition 5.2 For small t i , if (E, ρ) is t-stable, then it is simple.
The proof is the usual one: if it is not simple, then the eigenbundles and generalised eigenbundles of the section σ occur as both quotients and subbundles of E, and are ρ-invariant, contradicting stability.
Remark that for a stable pair with non-zero ρ to exist, the divisor D = N j=1 tr( k j )z j , of degree zero by Equation (19) , must be a principal divisor since it is the divisor of the determinant of ρ. The paper [13] describes the moduli of simple pairs (E, ρ) for arbitrary complex reductive groups. We adapt the result here for Gl(n, C). We begin by noting that there is a spectral curve
The curve S 0 extends to a closed curve S in Σ × P 1 ; its intersection with Σ × {0, ∞} occurs over the divisor j z j . Let Char(K) denote the family of curves obtained from our simple pairs; we do not describe it here with any thoroughness, referring instead to [13] , except to note the fact that the orders k jj ′ of ρ at the points z j constrain the intersection of the spectral curve at z j with Σ × {0, ∞}.
The family Char(K) is the family of curves in the linear system |π *
Theorem 5.3 (Main result of [13] , adapted for Gl(n, C)) Let D be a principal divisor, and suppose that
It has a holomorphic symplectic structure, and the map
is Lagrangian, with generic fibre a smooth compact Abelian variety.
Gauge theoretic dimensions
Thus, in the case of M = S 1 × T 2 , Theorem 1.1 relates the moduli space of monopoles to a complex moduli space described by Theorem 5.3. In particular, we see that the moduli space for K = 0 has real dimension
The tangent space to the moduli space can also be understood from a gauge theoretic point of view. In this context first order deformations of our monopoles (modulo gauge) correspond to the kernel of a complex
where D * fixes the gauge infinitesimally, and dB is the derivative of the Bogomolny equation. In our case of simple bundles, the cokernel of this complex is of constant real dimension 4, while the index is given by a result of Pauly, for a quite general three-manifold. 
The proof of Pauly, originally written for SU(2), extends with little work to this more general case. By exhibiting parametrices, Pauly shows that despite the presence of singularities, the complex is Fredholm. This result relies on the fact that near the singularities, the asymptotic behaviour guarantees that a local lift from the three-ball to the four-ball using the Hopf fibration is non-singular. The index can then be obtained by an excision argument from the case with no singularities. In that (compact) case, since the dimension is odd, Atiyah-Singer's index theorem tells us the index is 0. The contribution to the index given by the singularities translating the problem into one over the three-sphere, and then uses the lift to the four sphere to transform the calculation into that of an S 1 equivariant index.
We note also that, in the case of the three-torus, when there are no singularities (K = 0), we are in essence reduced to the flat (Abelian) case: the index is zero, and both kernel and cokernel are of constant real rank 4n. This result is confirmed by a parameter count: 3n parameters for a flat connection, which is a representation of Z 3 = π 1 (T 3 ) into (the maximal torus of) U (n), and n parameters for a constant Higgs field.
Higher genus
Returning to our complex descriptions of the moduli, many of the techniques used for studying the moduli space in [13] also apply to the case of monopoles over S 1 × Σ with Σ of higher genus, apart from the derivation of the Poisson structure and the existence of an integrable system. We first note that our moduli space of stable pairs can be examined as a subspace of a space that has already been constructed. Consider the divisor D max = − j min l (k jl )z j . Then ρ is a section of End(E)(D max ), and one can realise the space of our (E, ρ) (again for t = (t i ) small) as a subvariety of the space of stable pairs consisting of a bundle and an endomorphism with poles at D max . This moduli space N (k 0 , D max ) has been constructed in [23; 28] . We can thus study M(Σ, k 0 , K, t) as a subvariety of N (k 0 , D max ). A first step, however, is to check that at least some of our spaces M(Σ, k 0 , K, t) are non-empty, provided again that the divisor D is principal, which it must be as it represents det(ρ). Suppose that D is nonzero. For each point z i , choose a permutation σ i of {1, . . . , n} and set D j = i k i,σi (j) z i . Let L be a line bundle on the curve, and set
Let s be the residue modulo n of this degree; as usual, it is just the value modulo n that is of any importance.
Proposition 5.5 Suppose that the divisor D is principal and that the permutation is such that not all the degrees of L j are the same. The moduli space M(Σ, mn + s, K, t) is non-empty. Suppose in addition that one of the L j has degree n greater than any of the others. Then one can also produce an element of M(Σ, mn + r, K, t) for any r.
Consider the bundle E constructed above of degree mn + s. Define the map ρ by
It has the right polar structure. We can ask when the pair (E, ρ) is stable. The determinant of ρ has divisor D; away from singular set of ρ, the eigenvalues of ρ, which are the n-th roots of det(ρ), are distinct. Now consider a subbundle V of rank k which is ρ-invariant; locally, it is a sum of eigenbundles. The projection of V onto any sum L i1 ⊕ L i2 ⊕ · · ·⊕ L i k has generically non-zero determinant since it is a Vandermonde-type determinant of the eigenvalues involved. Globally, V is then a subsheaf of L i1 ⊕ L i2 ⊕ · · · ⊕ L i k ; this bounds its degree. If we have chosen the L ij of smallest degree, V cannot destabilise.
To consider the case of general degree, one can take Hecke transforms E ′ of E along the eigenspaces of ρ, obtaining subsheaves of E and reducing the degree by 1, 2, . . . , n − 1 in turn. The result is still stable, as any ρ-invariant subbundle V ′ of E ′ , thought of as a subsheaf of E, then satisfies
One would like to get an idea of the Zariski tangent space of M(Σ, j, K, t), at the points of the moduli space we have just constructed. As in [13, Sec. 4] , let us consider the subbundle
of End(E) ⊕ End(E). Denote the quotient by
We get the short exact sequence
The degree of ad(E, ρ) is computed by [13, Lemma 4.9] to be
As in [13, Cor. 4.3] , we have the following proposition; see also [3; 4; 20] . 
Roughly, the first hypercohomology combines both H 1 (Σ, End(E)), the deformations of the bundle, and H 0 (Σ, ad(E, ρ)), the deformations of ρ.
The dimension H 1 of the first hypercohomology is given by
If (E, ρ) is simple, the dimension H 0 is 1, as in [13, Sec. 4] . The dual space to the second cohomology is given, again as in [13, Sec. 4] , by the kernel of ad ρ : ∆ ρ ⊗K → End(E)⊗K, that is the sections of End(E)⊗K that commute with ρ. If ρ is generically regular, this kernel is generated away from the poles by the powers 1, ρ, . . . , ρ n−1 of ρ, tensored with K. Globally, the sections of the kernel are given as expressions n−1 i=0 a i ρ i , where a i is a form such that the product a i ρ i is holomorphic. In our case, the coefficient a i must have divisor greater or equal to max(
For fairly general choices of divisors, if one has more than g points, this forces a i = 0 for i > 0 and a 0 to be a holomorphic one-form; one then has dim(H 2 ) = g. This computation yields
When the elements of H 2 live in the trace component a 0 , as it is the case here under our genericity assumptions on the divisors, it is shown in [13, Thm 4.13] that the deformations are unobstructed and the space is smooth. 
Higher genus: SU(2), U(2)
The preceding results are only rather partial; as one can see, the combinatorics of the degrees is fairly complicated. We now consider the case of Sl(2)-bundles, with endomorphisms of determinant one; these correspond to SU(2)-monopoles. Let us suppose given a pair (E, ρ), with singularites of type (k i , −k i ), k i > 0 at points z i . Let D + be the divisor i k i z i . By what is now a fairly standard construction, one has a spectral curve det(ρ − zI) = 0 in Σ × P 1 , giving a two sheeted cover of Σ. In addition, one can define what is generically a line bundle L over the spectral curve; away from the poles of ρ, it is the quotient sheaf, defined over the total space of the bundle O(D + ) over Σ as
We note that as the spectrum is invariant under z → z −1 , the spectral curve is the pullback of the graph of the function tr(ρ) under the map w = z + z −1 . One sees that the singular points of the endomorphism ρ will be located at the poles of w, and that the branch locus B for projection of the spectral curve to Σ is given by the inverse image of −2, 2. The curve is smooth if all the points of B occur with multiplicity one. The curve has an involution i, and the determinant form on the bundle E identifies L * with i * (L)(−B) (as in [12] ), so that L lies in a suitable Prym variety. Conversely, given the spectral curve S and the line bundle L lying in the Prym variety, one can reconstruct E as a push-down π * (L), and ρ as the endomorphism on E induced by multiplication by z on L. If S is smooth, stability is automatic: any invariant subbundle corresponds to a subset of the eigenvalues away from the branch points, and going around these branch points permutes them, so that an invariant subbundle is necessarily the whole bundle. Thus One can then count parameters. For d + > 2g − 2, the space of functions f with divisor exactly
. If the locus f −1 (2, −2) consists of distinct points, the genus of S, from the Riemann-Hurwitz formula, is then 2g − 1 + d + , and so the Prym variety has dimension g − 1 + d + ; the SU(2) moduli space thus has dimension 2d + in all. We now can consider the more general case of a Gl(2, C) bundle, and a map ρ with singularities K = i (k i,+ , k i,− )z i , with k i,+ ≥ k i,− ; these will correspond to a U(2) monopole. These are now constrained by the requirement that the divisor i (k i,+ + k i,− )z i be principal, as it must be the divisor of det(ρ). The same constructions give one a double cover S of Σ, defined by the equation
As above, one has a sheaf L over S, which will be a line bundle if S is smooth. L no longer necessarily satisfies the Prym condition. Again, one can count parameters. The function tr(ρ) must have a divisor which is greater than
The determinant is fixed, up to scale; this gives one extra parameter. On the line bundles, one has 2g − 1 + d parameters, giving 2d + g + 1 parameters in all: roughly, the parameters for the Sl(2, C) case, plus a line bundle on Σ, plus a scale parameter for ρ.
Monopoles on the product of a Riemann surface and an interval
One can use the result to consider the case of a monopole on the product I × Σ of a Riemann surface and an interval I = [0, c]. In this case, the relevant holomorphic data is a pair of holomorphic bundles E = E(0), E ′ = E(c) and a meromorphic automorphism ρ : E → E ′ . If z i , i = 1, . . . , N are the singularities of ρ, choose t i so that p i = (t i , z i ) will be the locations of our eventual monopole's singularities. Proposition 6.1 Given ρ : E → E ′ , one can find a complementary σ : E ′ → E with singularities at z N +1 , . . . , z N +M such that ρ, σ have disjoint singularities, and t N +1 , . . . , t N +M such that (E, σ • ρ) is a t-stable pair.
The proof is fairly simple. If one allows sufficiently many poles, one can find a large number of σ; the trick is to ensure that the result is t-stable. The simplest way to ensure stability is to arrange for there to be no σ • ρ-invariant subbundles at all, a more restrictive condition. As pointed out above, invariant subbundles are sums of generalised eigenspaces; if the spectral curve has a branch point that permutes all of these eigenspaces with no invariant subset, then we are done. Now, one can prescribe the behaviour of σ • ρ on any formal neighbourhood of a given point, providing one allows sufficiently many poles elsewhere; one then asks that this point be a branch point that permutes all the eigenspaces , which is ensured by prescribing the behaviour on a formal neighbourhood of sufficiently high order by letting σ be the composition of a well chosen Jordan form by ρ −1 .
Corollary 6.2
There is a monopole with singularities at p i , i = 1, . . . , N corresponding to the holomorphic data E = E(0), E ′ = E(c), ρ : E → E ′ .
One simply embeds the interval I in a circle C, and places the extra poles (those of σ) in the complement of I. One then applies the theorem for the circle, obtains a monopole on C × Σ, and restricts to I × Σ.
The monopoles associated to a given set of holomorphic data are not unique. Indeed, one can complete by different maps σ, σ ′ , and there is no reason why the monopoles one obtains by restricting to I × Σ should be the same.
Monopoles on a flat circle bundle
If one has a flat principal circle bundle Y over a Riemann surface Σ, then any metric on Σ and any choice of length T of the circle yield a canonical metric on the circle bundle: at a point p on the circle bundle, one takes a local flat lift of Σ given by the connection, and the tangent space of the circle bundle decomposes into a sum (that we stipulate to be orthogonal) of the orbit direction and the tangent to the section. On the first one has a natural metric inherited from the invariant metric we have chosen on the circle, and on the latter the lift of the metric on Σ; the two combine to give a metric on Y . Now pass to the universal covering Σ → Σ, and lift our circle bundle Y with flat connection to Y → Σ. One can choose a global flat section S on this universal cover, avoiding the lifts of the singularities. This trivialises the circle bundle; let S correspond to t = 0. For each deck transformation D, one has an element x(D) of the circle such that the original flat circle bundle over Σ is obtained by identifying (z, t) and (D(z), x(D) · t).
The restriction of the lift of an HE-monopole to S yields a holomorphic vector bundle E over Σ. This bundle descends to Σ; one uses ∇ t − iφ to define a parallel transport T (x(D)) from the fiber at (D(z), x(D) · t) to (D(z), t). The holomorphic bundle E on Σ is obtained by composing the natural identification of E (z,t) and E (D(z),x(D)·t) with the transport from E (D(z),x(D)·t) to E (D(z),t) . These identifications intertwine the parallel transport ρ mapping E to itself, and so ρ descends to ρ : E → E. Letz i be a lift of the point z i to S and let t(z i ) denote the time one must flow from the section S to the lift of the point p i . If U is the union of ℓ disjoint fundamental domains in S for the covering map to Σ, we define a degree by: Definition 7.1 The t, U -degree δ t,U (E, ρ) of a bundle pair (E, ρ) of singular type K is defined by δ t,U (E, ρ) = 1 ℓ T c 1 (E) − zj∈U tr( k j )t(z j ) .
Let M t : Y → Y denote the action of exp(2πit/T ) on Y . Suppose now that our circle bundle is such that its lift to a finite cover Σ ′ of Σ is trivial. Choosing U to be the union of fundamental domains for Σ corresponding to one fundamental domain of Σ ′ , one has:
Lemma 7.2 If one translates S to M t (S), the degree does not change.
The proof of this lemma is essentially Remark (3.6) With these definitions, the whole panoply of results of the preceding sections go through unchanged, with essentially the same proofs, simply working equivariantly on Σ ′ , to give the following theorem, for circle bundles Y such that they become trivial when lifted to Σ ′ .
Theorem 7.3
The moduli space M k0 (Y, p 1 , . . . , p N , k 1 , . . . , k N ) of U(n) monopoles on Y with E of degree k 0 and singularities at p j of type k j is isomorphic to the space M(Σ, k 0 , K, t) of t, U -stable holomorphic pairs (E, ρ) with
• ρ a meromorphic section of Aut(E) of the form F i (z)diag j (z kij )G i (z) near z i , with F i , G i holomorphic and invertible, and with det(ρ) having divisor i tr( k i )z i .
When the circle bundle is not one whose lift to a finite cover is trivial, one expects that the appropriate definition of degree is obtained by taking a limit over larger and larger U .
